Introduction to Modern Physics : Special Relativity

Lecture 5 dynamics
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4-d velocity : four-velocity of a body

cta
2
S _di dszszzzczdtz—dx2—dy2—d22202dtz—d'r'zzczdt2—T/'zdtzzczdtz(l—%)
t - Ct 2
v . ds’=" dr’
M|y Y
Z
cdt Comobile IRS is bound to the particle at t. In this
> dM | dx IRS, dt=dt_ (proper time) dand dx=dy=dz=0.
dy
dz 2 C2 2 242 ' .
ds"=—dt"=c"dt; = dt=ydt, dt is a Lorentz Invariant,
Y

The velocity V' in the MinkowskKi space is defined as : V' = dM / dt

cdelde,| | ye Viye,y¥) Vi=y (= vY)=y2c(1-BY)=C

v | dxldey|_|ydx/dt The modulus of all four-velocities is equal to ¢ which is

dy/dt : , ,
yldty ||y dyldt a constant. In SR, all objects travel with a velocity ¢ but
dzldty| |ydz/dt : : :
in a four-dimensional space.
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four-acceleration

The four-acceleration is defined by

A= ZY (cy Cg Y dd? V+y o) where (}5:% is the classical acceleration
hs DY _ 2V e finally obtain - A=(y* L2 05 25)
dt C C C
In ’[he Comob{le IRS : {/’:6 Acom_<0,q)com) (Acom)2:A2:_<q)com)2

A four-acceleration is a space-like four-vector. 9" s the proper acceleration.

d(v-v) d(v*
Also : V-V=V’=c’ then | )= ( )=0=2V'A=0 => V-A=0

d,  di,

V and A are orthogonal four-vectors in the MinKowsKi space.
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Fundamental Principle of Dynamics

cta
p_dp p=mv  classical momentum
t
Obviously, this equation has to be extended to take into account
the fourth dimension of the MinKowsKi space.
dPp . (o
K=— with  P=mV P(ymc,ymv)=(p,,p)
> dt,
X / / ‘V\\
four-force four-momentum four-velocity
Mass
Elementary work of the force (which is a constant )

P —»_dﬁ—» . dy - >\ > g 3£—» >\ > g 2 02 - > . 3> 1o
dW—F-dr—E-vdt—( Iv—l—myq))-vdt—(my EV+my¢)-vdt=my(y B +1)V-¢dt=my’V-dv=dT
C
where dT is the elementary variation of the Kinetic energy. Yy B 1=y’

dT:d(ymC2) = T:ymc2—|—cte T=0 when {526 then T=ymc2—mC2:E—mCZ

The mass of an isolated system is its

. o g 2 -
E=T+mc’ is by definition the total energy of the body Ey=mc Zofii energy observed at rest divided
y C° .
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t Four-momentum
CTA

1_5 2 E2 2 2 2 2
p (E/C) P="3 =P =Py=m
p
PO (’760) four-momentum in the comobile IRS
>

X

2 4 2 =2 2 2 4

7)= 7) > VP _bc

P(Elc,ymV)=(ymc,ymv) = —=pC 2 § -
E
Y=—">5
mc
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Kinetic energy

Cta
P : . -
E=T+mc T is the Kinetic energy
P (E / c)
p
E’=p’c’+m’c*=T’+m’c*+2mc’T = T°+2mc’T=p’c
>
X
In the case of low velocities, when © T<mc’
-2
T~ which is the classical expression of the Kinetic energy
2m
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Four-force

p  momentum

P=mV P(

dp dT dp Ev d
By—(& P)=(y=~

cta

p_dp

t

dP ,
K="=
/ at, with
four-force d_P_(X dE
> dt, ‘¢ dt’
X
- Fv -
KZ(KO,K):(YT,YF>
In the case of low velocities :  K=(0,F)

KZZ_(F_.cEn)Z

K is then a space-like four-vector
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dt

where  F™" 5 the force in the comobile IRS
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Isolated systems

If K =(0,0), the system is isolated :

dp dE dp
9% 0 = E_pand 4P =0
dt, —  dr M

In SR, the total energy and the total momentum of an isolated system are conserved, i.e.
time nvariant.

The center-of-mass IRS of an isolated system is defined as the IRS in which its total
momentum is equal to zero.
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Massless particles

Contrary to classical mechanics, in SR, a massless particle carries a momentum

E’=p’c’+m’c*=p°c’ if m=0

> E
C

Ez 1_"_2 then a massless particle is a particle that travels
¢ ¢ at the limit velocity ¢

Ezymc2 = m=

This is the case of photons but this is true for any Kind of massless particles (gluons,
gravitons ....)

In the case of photons, the total energy is also related to their wave frequency v :

E=hv=pc where h = 6,626 102" J.s is the Planck constant.
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Lorentz transformation of four-vectors :

y A y A Q (Q,Q.Q Q) coordinates in S
, =0 O O’
RS & RS & At‘t 0, O and O meet at the same
point x=0.
/ :/xO <
4>
S’ V
Z

Qo | vy By 0 0|/ All four-vectors transform in the same
Ql_|-By vy 0 0|Q, way , be it an event, a four-momenta,
Q', 0 0 1 0fQ, a four-velocity, a four-acceleration,
Q', 0 0 0 1]iq, a four-force ...

Four-vectors dre not Lorentz invariant, but their moduli are Lorentz invariant !

The scalar product of two four-vectors is dlso a Lorentz invariant.
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To learn more :

-Modern Physics for Scientists & Engineers, Stephen Thornton & Andrew Rex
-Special Relativity : A first encounter , Domenico Giulini, Oxford University Press
-Introduction d la Relativité : Johann Collot, http://Ipsc.in2p3.fr/collot

-Relativité restreinte, Claude Semay et Bernard Silvestre-Brac, Dunod
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